
The MOD notation: 𝑘 ! ≡ Remainder when N divides k 
Periodic functions in terms of mod notation: 𝑘 ! = 𝑘 + 𝑁 ! 

Mod notation for circular shifting:  𝑥 𝑘 −𝑚 ! =
𝑥[𝑛 −𝑚] 𝑚 ≤ 𝑛 ≤ 𝑁 − 1
𝑥[N −𝑚 + 𝑛] 0 ≤ 𝑛 < 𝑚 

Circular Convolution: 𝑥 𝑛 ⊛ 𝑔 𝑛 = 𝑥 𝑚 ∙ 𝑔 𝑛 −𝑚 !
!!!
!!!  

Time reversal: 𝑔 𝑛 ≔ 𝑥 −𝑛 ! = 𝑥 0                              𝑛 = 0                        
𝑥[N − 𝑛] 1 ≤ 𝑛 ≤ N − 1 

Discrete Fourier Transform (DFT): 
𝑥 𝑛 , 0 ≤ 𝑛 ≤ 𝑁 − 1 → 𝐷𝐹𝑇! 𝑥 → 𝑋 𝑘 , 0 ≤ 𝑘 ≤ 𝑁 − 1   

𝑋 𝑘 = 𝑥 𝑛 𝑊!
!!"

!!!

!!!

;𝑊! = exp 𝑗
2𝜋
𝑁

; 0 ≤ 𝑘 ≤ 𝑁 − 1 

Inverse DFT:  𝑥 𝑛 = !
!

𝑋 𝑘 𝑊!
!"!!!

!!! ; 0 ≤ 𝑛 ≤ 𝑁 − 1 

Matrix Representation of DFT 

X =
1 ⋯ 1
⋮ ⋱ ⋮
1 ⋯ 𝑊!

!!"
𝑥;                 𝑙𝑒𝑛 𝑥 = 𝑙𝑒𝑛 𝑋 = 𝑁  

Periodicity of WN  𝑊!
! =𝑊!

! !   &  𝑊!
!" =𝑊!

! ! ! 

Delta Identity of DFT: In Fourier transform, 𝛿 𝑡 → 1 

𝐷𝐹𝑇! 𝛼 → 𝛼𝑊!
!!" =

!!!

!!!

𝛼𝑁𝛿 𝑘 !   

𝐷𝐹𝑇! 𝛼𝛿 𝑛 ! → 𝑁𝛼            𝑤ℎ𝑒𝑟𝑒    𝛼 = [𝛼  𝛼…𝛼] 
DFT Symmetry Properties: (S) := Symmetric , (A) := Anti-symmetric 

Function Prop. DFT Prop. Real DFT Prop. Imag. DFT Prop. 

𝑥 ∈   ℝ 𝑋 ∈   ℂ 𝑋ℝ ≡ 𝑆  𝑋𝕀 ≡ 𝐴  

𝑥 ∈   ℝ        &    𝑥ℝ ≡ (𝑆) 𝑋 ∈   ℝ 𝑋ℝ ≡ 𝑆  − 

𝑥 ∈   ℝ        &    𝑥ℝ ≡ (𝐴) 𝑋 ∈   𝕀 − 𝑋𝕀 ≡ 𝐴  

𝑥 ∈   ℂ 𝑋 ∈   ℂ 𝑋ℝ ≡ 𝐴  𝑋𝕀 ≡ 𝑆  

𝑥 ∈   ℂ        &    𝑥𝕀 ≡ (𝑆) 𝑋 ∈   𝕀 − 𝑋𝕀 ≡ 𝑆  

𝑥 ∈   ℂ        &    𝑥𝕀 ≡ (𝐴) 𝑋 ∈   ℝ 𝑋ℝ ≡ 𝐴  − 

 
DFT Properties Time Domain Frequency Domain 
Periodicity 𝑥 𝑛 = 𝑥[ 𝑛 !] 𝑋 𝑘 = 𝑋 𝑘 !  

Modulation 𝑊!
!"𝑥 𝑛  𝑋 𝑘 −𝑚 !  

Circular Shift 𝑥 𝑛 −𝑚 !  𝑊!
!!"𝑋 𝑘  

Circular Convolution 𝑥[𝑛]⊛ 𝑔[𝑛] 𝑋 𝑘 ∙ 𝐺 𝑘  

Time Reversal 𝑥 −𝑛 !  𝑋 −𝑘 !  

Complex Conjugation 𝑥∗[𝑛] 𝑋∗ −𝑘 !  

Perceval’s Theorem 
𝑥 𝑛 ∙ g∗ 𝑛

!!!

!!!

=
1
𝑁

X 𝑘 ∙ G∗ 𝑘
!!!

!!!

 

 

Real Valued DFT Property: 𝑥 𝑛   𝜖  ℝ → 𝑋 𝑘 = 𝑋∗[ −𝑘 !] 

Real and Circular symmetric: 𝑥 𝑛 𝜖ℝ  &  𝑥 𝑛 = 𝑥 −𝑛 !   → 𝑋 𝑘 𝜖ℝ  &  𝑋 𝑘 = 𝑋[ −𝑘 !]    

DFT distribute the function into N points ranging from [0:2π) 
Therefore, 𝑋! 𝜔! = 𝑋 !!

!
𝑘 ;  𝜔! ≡ Normalized Frequency  = !!

!
𝑘;   0 ≤ 𝑘 ≤ (𝑁 − 1) 

Physical Frequency of k: 𝑓! = 𝑘𝛥𝑓 = 𝑘 !!
!

= !
!!!

 

DFT Leakage: 𝑥 𝑛 = cos 𝜔!𝑛  and 𝑆 𝜔 =
!"# !

!!

!"# !
!!

 (digi. sinc function: DTFT{Rect![𝑛]}) 

DTFT 𝑥 𝑛 → 𝑋! 𝜔 = 𝜋𝛿 𝜔 − 𝜔! + 𝜋𝛿 𝜔 + 𝜔!  

DTFT 𝑥 𝑛 ∙ Rect! 𝑛 → DFT! 𝑥 →
1
2𝜋

(𝑋! 𝜔 ∗ 𝑆 𝜔 ) =
1
2
𝑆 𝜔 − 𝜔! + 𝑆 𝜔 + 𝜔!  

Fast Fourier Transform is based on two properties of DFT: 

𝑊!
!!" =𝑊!

!

!"           &        𝑊!
!!!! = −𝑊!

!. By dividing x[n] into odd (𝑋!) and even (𝑋!) samples, we can: 

𝑋 𝑘 = 𝑘 +𝑊!
!!𝑋! 𝑘                 &            𝑋 𝑘 +

𝑁
2

= 𝑋! 𝑘 −𝑊!
!!𝑋! 𝑘             𝑓𝑜𝑟  0 ≤ 𝑘 ≤

𝑁
2
− 1 

FFT Algorithm and Computational Complexity 
{f is an array of size N=2^p} 
FUNCTION DIT(N,f); 
LOCAL N',n',fe,fo,Fe,Fo,k,x,F; 
IF N==1 
   THEN RETURN(f); {trivial if N==1} 
   ELSE BEGIN      {perform 2 sub-transforms} 
        N':=N/2;   {size of sub-transforms} 
        FOR n':=0 TO (N'-1) DO 
          BEGIN 
          fe[n']:= f[2*n'  ]; {even n} 
          fo[n']:= f[2*n'+1]; {odd  n} 
          END; 
        Fe:=DIT(N',fe); {even n} 
        Fo:=DIT(N',fo); {odd  n} 
        FOR k:=0 TO (N'-1) DO {perform N' DIT 'butterflies'} 
          BEGIN 
          x=Fo[k]*T(N,k);    {twiddle the odd n results}  
          F[k   ]:= Fe[k]+x; {top    subset} 
          F[k+N']:= Fe[k]-x; {bottom subset} 
          END; 
        RETURN(F); 
        END; 

Computational Complexity 
DFT: 𝑂 𝑁!  multiplies & N(N – 1) add 
FFT: 𝑂 𝑁 log! 𝑁  multiplies  

 

Digital Filters: 
𝐻 𝑧 = !!!!!!!!!!!!!!!⋯!!!!!!

!!!!!!!!!!!!!!⋯!!!!!!
   𝑦 𝑛 = 𝑏!𝑥[𝑛 − 𝑘]!

!!! − 𝑎!𝑦[𝑛 − 𝑘]!
!!!  

FIR Digital Filters (When poles are all zero):  
𝐻 𝑧 = 𝑏! + 𝑏!𝑧!! + 𝑏!𝑧!! +⋯+ 𝑏!𝑧!!  𝑦 𝑛 = 𝑏!𝑥[𝑛 − 𝑘]!

!!!  

Z Transform: 𝑋 𝑍 = 𝒵 𝑥 𝑛 = 𝑥 𝑛 𝑧!!∞
!!!∞  

Inverse Z Transform: 𝑥 𝑛 = 𝒵!! 𝑋 𝑧 = !
!!"

𝑋 𝑧 𝑧!!!𝑑𝑧ℂ     

 

 

 

Attenuation: 

𝐴! = −20 log!" 1 − 𝛿!   
𝐴! = −20 log!" 𝛿!   

𝛿! = 1 − 10!
!!
!"   

𝛿! = 10!
!!
!" 

Linear Phase FIR Filters: 𝐻! 𝜔 = R 𝜔 + 𝒿I 𝜔 = 𝐴 𝜔 𝑒!" ! ;   𝜔 ∈ ℝ  

𝜃 𝜔 = −𝑀𝜔 + 𝐵                
𝜃 𝜔
𝜔

= 𝐾 

Type S/A Len Properties 𝐴 𝜔  
Auto. 
Zeros 

Usual 
Types 

 

Not 
Suitable 

For 

I Sy O 
𝐴 𝜔  is E @ 𝜔 = 0 
𝐴 𝜔  is E @ 𝜔 = 𝜋 
𝐴 𝜔  is Periodic @ 2𝜋 

– All – 

II Sy E 
𝐴 𝜔  is E @ 𝜔 = 0 
𝐴 𝜔  is O @ 𝜔 = 𝜋 
𝐴 𝜔  is Periodic @ 4𝜋 

𝜔 = 𝜋 
LPF 
BPF 

BSF 

III A O 
𝐴 𝜔  is O @ 𝜔 = 0 
𝐴 𝜔  is O @ 𝜔 = 𝜋 
𝐴 𝜔  is Periodic @ 2𝜋 

𝜔 = {0, 𝜋} 
Dx 

Hilbert 
LPF,HPF 
BPF,BSF 

IV A E 
𝐴 𝜔  is O @ 𝜔 = 0 
𝐴 𝜔  is E @ 𝜔 = 𝜋 
𝐴 𝜔  is Periodic @ 4𝜋 

𝜔 = 0 
HPF 
BPF 

Hilbert 

LPF 
BSF 

A: Anti symmetric, Sy: Symmetric, E: Even, O: Odd, B: Band, H: High, L: Low, F: Filter, S: Stop, Dx: Diff. 

 
DFT Based Interpolation for Designing FIR Filter 

 
I & II 𝐴

2𝜋
𝐿
𝑘 = DFT! ℎ, 0!!! ∙𝑊!

!!;     𝑘 = 0: 𝐿 − 1  

III & IV 𝐴
2𝜋
𝐿
𝑘 = −𝑗  DFT! ℎ, 0!!! ∙𝑊!

!!; 𝑘 = 0: 𝐿 − 1  

 



FIR Filter Types: 
Type 𝐴 𝜔  𝜃 𝜔  

I ℎ 𝑀 + 2 ℎ 𝑛 cos 𝑀 − 𝑛 𝜔
!!!

!!!

 −𝑀𝜔 

II 2 ℎ 𝑛 cos 𝑀 − 𝑛 𝜔
!!!

!!!

 −𝑀𝜔 

III 2 ℎ 𝑛 sin 𝑀 − 𝑛 𝜔
!!!

!!!

 −𝑀𝜔 +
𝜋
2
 

IV 2 ℎ 𝑛 sin 𝑀 − 𝑛 𝜔

!
!!!

!!!

 −𝑀𝜔 +
𝜋
2
 

𝑀 =
𝑁 − 1
2

 

 

Ideal Impulse Response Truncation: 

𝑑 𝑛 = IDTFT 𝐷! 𝜔 =
1
2𝜋

𝐷! 𝜔 𝑒!"#𝑑𝜔
!

!!
  

𝐴! 𝜔 =
1
2𝜋

𝐷! 𝜔 ⊛𝒲! 𝜔 ;   𝒲 𝜔 ≡ Window  Function  

𝒲! 𝜔 = DTFT 𝓌 𝑛   

𝐻! 𝜔 =
1
2𝜋

𝐷! 𝜔 ⊛𝒲! 𝜔 𝑒!!"#   

∴ ℎ 𝑛 = 𝑑 𝑛 −𝑀 𝓌 𝑛  
⋇For a fixed length window, there is a tradeoff between main lobe width and relative 
side lobe height. They may not be made arbitrarily good at the same time. 
⋇To reduce spectral leakage, a window with low side lobes is required 
⋇To reduce frequency smearing, a window with narrow main-lobe is required 

Non-adjustable windows: 
For: 𝓌 𝑛 = 𝑎 − 𝑏 cos !! !!!

!!!
+ 𝑐 cos !! !!!

!!!
 

Window a b c 

Rectangular 1 0 0 

Hann 0.5 0.5 0 

Hamming 0.54 0.46 0 

Blackman-Harris 0.52 0.5 0.8 

Zero Location of a REAL VALUED FIR Filter: 
• Zeros location of a real valued impulse response exits in sets of 4: 𝑧!, 𝑧!∗,

!
!!
, !
!!∗

 

• Zeros on the unit circle (𝑧! = 𝑒!!!) exists in sets of two (not 𝑧! = ±1): 𝑧! = 𝑒±!!!  
• Zeros on the real axis (𝑧!   =   𝑎) exists in sets of two: 𝑧!,

!
!!

 

• Zeros at ±1 does not imply the existence of zeros at other location. 
STFT: 
Parameters: R: Block length, 𝓌[𝑛]: Specific window function, L: Number of samples 
between adjacent blocks, N: FFT length after zero padding. 

𝑋 𝜔,𝑚 = STFT 𝑥 𝑛 = DTFT 𝑥 𝑛 −𝑚 𝓌 𝑛 = 𝑥 𝑛 −𝑚 𝓌 𝑛 exp −𝑗𝜔𝑛
∞

!!!∞

  

𝑋 𝜔,𝑚 = 𝑥 𝑛 −𝑚 𝓌 𝑛 exp −𝑗𝜔𝑛
!!!

!!!

  

⟹ 𝑋! 𝑘,𝑚 = 𝐷𝐹𝑇!    𝑥 𝑛 −𝑚 𝓌 𝑛
!!!
!!!  , 0!!!     

Least Square Filter Design: 
General Error Formula (𝐿! Error): 𝐸! = 𝑊 𝜔 𝐴 𝜔 − 𝐷 𝜔 !𝑑𝜔!

!  

𝜀! = 𝑊 𝜔 𝐴 𝜔 − 𝐷 𝜔 !𝑑𝜔  ;!
!  W:  non-negative weighting function, A: Amplitude 

response, D: Desired amplitude response. 
In order to minimize square error: 

𝑄 𝑘,𝑛 𝑎 𝑛
!

!!!

= 𝑏 𝑘 ;                     0 ≤ 𝑘 ≤ 𝑀  

𝑄 𝑘,𝑛 =
1
𝜋

𝑊 𝜔 cos 𝑛𝜔 cos 𝑘𝜔 𝑑𝜔
!

!
                        𝑏 𝑘 =

1
𝜋

𝑊 𝜔 𝐷 𝜔 cos 𝑘𝜔 𝑑𝜔
!

!
 

𝑄[0,0]
𝑄 1,0 … 𝑄 0,𝑀

𝑄 1,𝑀
⋮ ⋱ ⋮

𝑄[𝑀, 0] ⋯ 𝑄 𝑀,𝑀

𝑎[0]
𝑎[1]
:

𝑎[𝑀]

=

𝑏[0]
𝑏[1]
:

𝑏[𝑀]

⟹ 𝑎 = 𝐐!!𝑏 

 

𝑄 𝑘,𝑛 =
1
2
𝑄! 𝑘,𝑛 +

1
2
𝑄! 𝑘,𝑛                     𝑄! 𝑘,𝑛 =

1
𝜋

𝑊 𝜔 cos 𝑘 − 𝑛 𝜔 𝑑𝜔
!

!
= 𝑞 𝑘 − 𝑛   

𝑄! 𝑘,𝑛 =
1
𝜋

𝑊 𝜔 cos 𝑘 + 𝑛 𝜔 𝑑𝜔
!

!
= 𝑞 𝑘 + 𝑛                 𝑞 𝑛 =

1
𝜋

𝑊 𝜔 cos 𝑛𝜔 𝑑𝜔
!

!
 

𝑞 𝑛 = DTFT!! 𝑊 𝜔                                                                                                                                 𝑏 𝑛 =   DTFT!! 𝑊 𝜔 𝐷 𝜔  

 

Special Case 𝑊 𝜔 = 1: 

𝑎 0 =
1
𝜋

𝐷 𝜔 𝑑𝜔
!

!
                    𝑎 𝑛 =

2
𝜋

𝐷 𝜔 cos 𝑛𝜔 𝑑𝜔
!

!
;       1 ≤ 𝑛 ≤ 𝑀 

ℎ 𝑛 =
1
𝜋

𝐷 𝜔 cos 𝑛 −𝑀 𝜔 𝑑𝜔
!

!
   ;                       0 ≤ 𝑛 ≤ 𝑁 

∴ ℎ 𝑛 = 𝑑 𝑛 −𝑀 ;       0 ≤ 𝑛 ≤ 𝑁, Where 𝑑 𝑛 = DTFT!! 𝐷 𝜔  

Ideal Low Pass Filter (LPF): 

ℎ 𝑛 =
𝜔!
𝜋
sinc

𝜔!
𝜋

𝑛 −𝑀 ;             0 ≤ 𝑛 ≤ 𝑁;           sinc 𝜃 =
sin 𝜋𝜃
𝜋𝜃

 

Low Pass Filter with Transition Band: 

 

𝐷 𝜔 = 𝐷! 𝜔 ∗ 𝐷! 𝜔   
𝑑 𝑛 = 2𝜋  𝑑! 𝑛   𝑑! 𝑛  

𝑑[𝑛] =
𝜔!
𝜋
sinc

𝜔!
𝜋
𝑛 𝑠𝑖𝑛𝑐

Δ
𝜋
𝑛  

 
Pth Order LPF: 

 𝑑 𝑛 = !!

!
sinc !!

!
𝑛 𝑠𝑖𝑛𝑐 !

!
𝑛

!
 

Δ =
𝜔! − 𝜔!

𝑝
 

 

LPF Weighted Square Error: 

 

𝑞 𝑘 =

𝜔!
𝜋
+ 𝐾 1 −

𝜔!
𝜋

                                                                    𝑘 = 0
𝜔!
𝜋
𝑠𝑖𝑛𝑐

𝜔!
𝜋
𝑘 − 𝐾

𝜔!
𝜋
𝑠𝑖𝑛𝑐

𝜔!
𝜋
𝑘 𝑘 ≠ 0

  

𝑏 𝑘 =
𝜔!
𝜋
𝑠𝑖𝑛𝑐

𝜔!
𝜋
𝑘  

Notch Filter:  

 

𝑞 𝑘

=

𝜔!
𝜋
+ 1 −

𝜔!
𝜋

                                                                          𝑘 = 0
𝜔!
𝜋
sinc

𝜔!
𝜋
𝑘 −

𝜔!
𝜋
sinc

𝜔!
𝜋
𝑘 𝑘 ≠ 0

  

 
 

𝑏 𝑘 = 𝑞[𝑘] 
 

Discrete Square Error: 

𝑊! =𝑊
2𝜋
𝐿
𝑘 ;             𝐷! = 𝐷

2𝜋
𝐿
𝑘    ;                                 0 ≤ 𝑘 ≤ 𝐿 − 1 

𝑞 𝑛 ≈
1
𝐿

𝑊! exp 𝑗𝑛
2𝜋
𝐿
𝑘

!!!

!!!

  ∴   𝑞 𝑛 ≈ DFT!!! 𝑊!             𝑎𝑛𝑑            𝑏 𝑛 ≈ DFT!!! 𝐷!𝑊!  

Kaiser Minimum Filter Length Formula: 

𝑁 ≈
−20 log!" 𝛿!𝛿! − 13

14.6Δ𝐹
+ 1 

 
 
 
 
 


